1. The automorphism group of any group G we denote by Y(G). We shall consider the following two types of subgroups of T(G) : if H is a subgroup of G, Y(G: H) is the subgroup consisting of all automorphisms which are the identity on H, and if H is a normal subgroup, Y(G: G/H) is the subgroup consisting of all automorphisms which leave H invariant and which induce the identity on G/H.
For the special case where G is finite Abelian, it is the connection between these two types of groups which is to be studied in this paper. Since any finite Abelian group is the direct sum of ¿»-groups, each of which is a characteristic subgroup, it will then be sufficient to consider only the case of a /»-group, for some fixed prime p. We will write the group additively. The order of any element g of a finite group G we denote by \g\. All operators are to be written on the right.
It may perhaps be mentioned here that these subgroups of automorphisms of an Abelian group do arise in connection with the theory of the structure of the automorphism group of any finite group G. In fact, it has been shown by Green [3] , that if G has centre Z and derived group G' then, writing Tl = G/Z, there exists an Abelian group Q containing an isomorphic copy of Z with Q/Z=A1/I1', such that T(G: G/Z) S T(Q: Q/Z) Pi T(Q: G' C\ Z).
I am indebted to Dr. W. Ledermann for the many useful suggestions he has made concerning this subject, during my period as a research student at Manchester University. Thus, every character x maps each element by -b into unity and therefore, by Lemma 3.1, 67 -6 = 0 identically, and so each 7 lies in T(^4 : B), which completes the proof of the theorem.
We now state a dual version of this result, for which a proof may be constructed on similar lines. Proof. It is clear from the definition of orthogonality that BW~DB, but since B00 is isomorphic to A/B", it follows that B°° has the same order as B, which proves the result.
It was shown in §2 that if 0 is any automorphism of A then we may define an automorphism 6* of A* by the rule a(xd*) -(a8)x and furthermore, the correspondence 6-*6* is an anti-isomorphism of Y(A) onto T(A*). Hence, since ju is an isomorphism, the mapping 6-*6°, where 6°=pß*pr1, is an anti-automorphism of the group r(.<4). We now establish a result analogous to Theorem 3.2. we now determine the matrix, say 5° = (flJ), of the coefficients of the automorphism 0°. It is to be shown that S° is a form of transpose of the matrix S, and that S00 = S, from which follows the identity 0OO=0. We note first that since \a,d\ = |o<| then, for i>j, 0,/ is divisible by (By)" = B°(y°)-K Proof. It is worthwhile mentioning, first of all, that for any automorphism y, (7°)_1 = (y_1)°-This follows from the fact that the correspondence y->y° is an anti-automorphism of the group r(yl), for we then have (7_1)0-70==(7-7_1)0= t<) = l> where t denotes the identity automorphism.
It may be shown, in a similar way, that (7*)-1 = (7"1)*.
By definition, we have (237)°=(237)V_1 and we first of all show that (2J7)' = 23'7*-1. Suppose that a character x is a member of the subgroup 23'7*-1 then for some character x' belonging to B', x = x'7-1* and therefore, for any element a of A, ax=(ay~1)x'-In particular, for any element 6 of B we have, since x' belongs to B', (by)x = Ory-'k' = 6x' = 1
and therefore x lies in (By)'. Thus we have shown that (By)'^B'y~1*, but the two groups have the same order and therefore they coincide. Consequently, (By)°=(By)'p-1 = B'y-l*p-1 = B'p-1-p.y-1*p-1, but by definition, B° = B'p~1 and (7-1)° = M7_1*M~1 and hence (By)0 = B°yrl = P°(7_1)°, which completes the proof.
